We study spectral singularities and their application in determining the threshold gain coefficient g (E/M ) for oblique transverse electric/magnetic (TE/TM) modes of an infinite planar slab of homogenous optically active material. We show that g (E) is a monotonically decreasing function of the incidence angle θ (measured with respect to the normal direction to the slab), while g (M ) has a single maximum, θc, where it takes an extremely large value. We identify θc with the Brewster's angle and show that g (E) and g (M ) coincide for θ = 0 (normal incidence), tend to zero as θ → 90
We study spectral singularities and their application in determining the threshold gain coefficient g (E/M ) for oblique transverse electric/magnetic (TE/TM) modes of an infinite planar slab of homogenous optically active material. We show that g (E) is a monotonically decreasing function of the incidence angle θ (measured with respect to the normal direction to the slab), while g (M ) has a single maximum, θc, where it takes an extremely large value. We identify θc with the Brewster's angle and show that g (E) and g (M ) coincide for θ = 0 (normal incidence), tend to zero as θ → 90
• , and satisfy g (E) < g (M ) for 0 < θ < 90
• . We therefore conclude that lasing and coherent perfect absorption are always more difficult to achieve for the oblique TM waves and that they are virtually impossible for the TM waves with θ ≈ θc. We also give a detailed description of the behavior of the energy density and the Poynting vector for spectrally singular oblique TE and TM waves. This provides an explicit demonstration of the parity-invariance of these waves and shows that the energy density of a spectrally singular TM wave with θ > θc is smaller inside the gain region than outside it. The converse is true for the TM waves with θ < θc and all TE waves.
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I. INTRODUCTION
The history of modern physics includes happy instances where a purely mathematical concept turns out to describe an interesting physical phenomenon. A very recent example of such an instance is the remarkable observation that the spectral singularities of non-Hermitian differential operators [1] , which constituted a subject of study in pure mathematics for over half a century [2] , turn out to find concrete physical realizations [3] [4] [5] in terms of lasing at the threshold gain [6] and coherent perfect absorption (CPA) of electromagnetic waves [7] .
Spectral singularities are certain points of the continuous spectrum of non-Hermitian operators. They draw the attention of mathematicians because they are responsible for a number of mathematical peculiarities that can never arise for Hermitian operators. In the context of the scattering theory, spectral singularities correspond to scattering states (with real and positive energy) that behave exactly like resonance states; they are zero-width resonances [3] . This observation has provided ample motivation for the study of their physical aspects [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] and nonlinear generalizations [19] [20] [21] [22] [23] . For a recent review, see [24] .
An interesting outcome of the study of spectral singularities in optics is a mathematical derivation of the lasing threshold condition for a variety of optical setups. Among the notable applications of this approach is the determination of the threshold condition for the radial modes of single-layer and bilayer material with spherical geometry [10, 11] , the TE modes of PT -symmetric and non-PT -symmetric bilayer slabs [12, 23] , and the whispering gallery modes of cylindrical and spherical gain media [14, 15] .
The fact that the mathematical condition for the emergence of a spectral singularity implies the laser threshold condition was initially shown in an explicit manner in [6] for the TE modes of an infinite planar slab laser where the wavevector k is taken along the normal directionê z to the boundary of the slab. A natural extension of the approach of [6] is to consider the more general case where the direction of k deviations fromê z , i.e., investigate the behavior of oblique waves (See Fig. 1 .) Ref. [18] treats this problem for the TE modes. The purpose of the present paper is to offer a more systematic and general solution of this problem that applies for both TE and TM modes. In particular, we show that much of the analysis of [18] can be reduced to that of [6] (i.e., to the case of normal incidence) by a simple change of variables, derive an explicit form of the laser threshold (and CPA) condition for oblique TE and TM modes, and examine the behavior of the Poynting vector and the energy density of the waves for the spectrally singular configurations of the system. This reveals a peculiar property of the spectrally singular TM waves having an emission angle larger than the Brewster's angle; the magnitude of the Poynting vector and the energy density of these waves are smaller in the gain region than in the surrounding vacuum. 
II. TE AND TM MODES OF AN INFINITE PLANAR SLAB
Consider an infinite planar slab of thickness L that is aligned in the x-y plane of some Cartesian coordinate system {(x, y, z)}. Let n denote the complex refractive index of the content of the slab, and suppose that it is homogeneous and time-independent. Maxwell's equations describing the interaction of the electromagnetic waves with this system have the form:
where E and H are the electric and magnetic fields,
ε 0 and µ 0 are respectively the permeability and permittivity of the vacuum, and
For time-harmonic electromagnetic fields, E( r, t) = e −iωt E( r) and H( r, t) = e −iωt H( r), Maxwell's equations reduce to
where r := (x, y, z), k := ω/c represents the wavenumber, and c := 1/ √ µ 0 ǫ 0 and Z 0 := µ 0 /ǫ 0 are respectively the speed of light and impedance in vacuum.
The transverse electric (TE) and transverse magnetic (TM) waves correspond to the solutions of (4) and (5) for which E( r) and H( r) are respectively parallel to the surface of the slab. Let us choose our y-axis to be along this direction, and demand that outside the slab E( r) (respectively H( r)) coincides with a plane wave with wavevector k in the x-z plane, i.e.,
whereê x ,ê y , andê z , are respectively the unit vectors along the x-, y-and z-axes, and θ ∈ [−90
• ] is the incidence angle (See Fig. 1. ) Then, the electric field for the TE waves and the magnetic field for the TM waves are respectively given by
where E and H are solutions of the Schrödinger equation
is a piecewise constant potential, we can easily solve (8) to obtain
where a i and b i , with i = 0, 1, 2, are complex coefficients, and
In particular, E (z) and H (z) are given by the right-hand side of (9) with generally different choices for the constants a i and b i . Substituting (7) in the second equation in (4) and (5), we can find the magnetic field for the TE waves and the electric field for the TM waves. The resulting expressions are acceptable provided that they satisfy the appropriate boundary conditions for the problem, namely that at z = 0 and z = L the tangential components of E and H must be continuous functions of z. Table I gives explicit expressions for the components of the electric and magnetic fields, and Table II lists the corresponding boundary conditions. They involve the following quantities.
cos θ for TE waves, n n 2 = n 2 − sin 2 θ n 2 cos θ for TM waves.
(13) (9), and F (z) and T (x, z) are respectively defined by (11) and (12).
TE-Fields TM-Fields
Ex = Ez = Hy = 0 Ey = E (z) e ikxx Hx = − F (z) Z0 T (x, z) Hz = sin θ e ikxx E (z) Z0 Ey = Hx = Hz = 0 Ex = Z0 F (z) z(z) T (x, z) Ez = − Z0 sin θ e ikxx H (z) z(z) Hy = H (z) e ikxx
III. TRANSFER MATRIX AND SPECTRAL SINGULARITIES
The transfer matrix for the system we consider is the 2 × 2 matrix M satisfying In view of the fact that the (left/right) complex reflection and transmission amplitudes, R l/r and T l/r , are defined by Left-incident waves (b 2 = 0):
Equation (14) relates the entries M ij of M to R l/r and T l/r according to [4] 
With the help of the boundary conditions given in Table II we can easily show that
In particular, we have
For TE waves the transfer matrix M coincides with the one defined by the Schrödinger equation (8) and the requirement that the solution be continuously differentiable at z = 0 and z = L. In this case (20) follows from well-known Wronskian identities of second order linear differential equations [25, 26] . These do not however apply for the TM waves, because TM waves are given by solutions of the Schrödinger equation (8) involving jump conditions at z = 0 and z = L. We can identify the latter with the effect of certain point interactions at these points. It is known that the transfer matrix for a point interaction does not generally satisfy (20) , [27] . The point interactions giving rise to the TM jump conditions at z = 0 and z = L are separately examples of the anomalous point interactions which violate (20) . However, one can show (using the results of [27] ) that the contribution of each of these point interactions to det M cancels the other's, so that (20) holds. The spectral singularities correspond to the real and positive values of the wavenumber k for which M 22 = 0. This implies that the reflection and transmission amplitudes diverge, [3] . For the normally incident TE waves, where
Equations (16) - (19) reproduce the known expression for the transfer matrix of a complex barrier potential, and M 22 = 0 takes the form [6, 28] :
In view of (19), we can obtain the spectral singularities in the oblique TE and TM modes of our system by making the following substitution in (22) .
for TE modes, n n 2 for TM modes.
This gives
Next, we substitute (10) and (13) in (24) to obtain the following more explicit relation for the spectral singularities in oblique TE and TM modes of our model.
ℓ := 0 for TE modes, 2 for TM modes.
The expression given in (25) for the TE modes differs from the result reported in Ref. [18] . The root of this discrepancy is that the author of [18] takes different wave vectors inside and outside the slab and relates their direction using the usual expression for Snell's law, namely n sin θ = n ′ sin θ ′ . Clearly, this cannot hold for complex refractive indices with different phases. We should also like to emphasize that a proper analysis of this problem should only rely on the use of Maxwell's equations and the boundary conditions on the electromagnetic fields. In particular, there is no need for invoking the use of consequences of the latter such as Snell's law and deal with the subtilises associated with their correct generalization and proper application. This is the basic strategy we pursue in the present article.
IV. THRESHOLD GAIN
By definition the gain coefficient is given by
where κ is imaginary part of the refractive index n and λ := 2π/k is the wavelength. The gain coefficient required for the emergence of a spectral singularity is known as the threshold gain coefficient [6] . For the oblique TE/TM modes we denote this quantity by g (E/M) and use (25) to derive an expression for it. This is known as the lasing threshold condition in optics, [30] .
Let us denote the real part of n by η, so that
and take the logarithm of both side of (25) to obtain
where n ′ := n 2 − sin 2 θ. If we solve (26) for k and substitute the result and (27) in (28), we obtain a complex equation involving g, η, κ, and θ. The left hand-side of this equation is real, so it should be equal to the real part of the right-hand side, and the imaginary part of the right-hand side should vanish. This gives a pair of real equations that can be manipulated to arrive at
where Re and Im respectively stand for the real and imaginary parts of their argument, λ (E/M) is the wavelength of the spectrally singular TE/TM wave generated for the gain coefficient g (E/M) , m is a positive integer (mode number), and ϕ (E/M) denotes the principle argument (phase angle) of (n ′ − n ℓ cos θ)/(n ′ + n ℓ cos θ). Equation (29) is the lasing threshold condition for oblique TE and TM modes. Setting ℓ = θ = 0, it reproduces the result given in [6] . Figure 2 shows the plots of g (E/M) as a function of θ for a semiconductor gain medium with L = 300 µm and η = 3.4 that is obtained by setting λ (E/M) = 1500 nm and using (26) and (29) . The following are some of the properties g (E/M) that are demonstrated in Fig. 2 . 1. g (E) (0) = g (M) (0), i.e., the slab begins lasing in the TE and TM waves propagating in the normal direction to the slab at the same value of the gain.
For 0 < θ < 90
• , g (E) (θ) < g (M) (θ). Therefore, it is more difficult to initiate lasing in the oblique TM modes than the oblique TE modes, i.e., it requires more pumping power.
As θ → 90
• , both g (E) (θ) and g (E) (θ) tend to zero. This is to be expected, because for θ → 90
• the optical path inside the gain region becomes infinitely long. The situation resembles that of spectrally singular whispering gallery modes [14, 15] . It corresponds to the infinite radius limit of the latter.
g (E)
is a smooth monotonically decreasing function of θ, whereas g (M) (θ) increases for θ < θ c and deceases for θ > θ c , for some critical angle θ c = 73.6015
• .
In order to understand the nature of θ c and the behavior depicted in Fig. 2 , we consider typical optically active material which satisfies |κ| ≪ η − 1. This allows for a perturbative treatment of (29) and (30) . Expanding the right-hand side of these equations in a power series in κ and ignoring quadratic and higher order terms, we find
and
where η ′ := η 2 − sin 2 θ and "≈" stands for the fact that we have ignored quadratic and higher order terms in κ. Equations (31) and (33) provide practically more appealing expressions for the lasing threshold (and CPA) condition (29) . A closer examination of (33) shows that its right-hand side diverges whenever sin θ = η/ η 2 + 1, equivalently tan θ = η. This suggests that
where θ b denotes the Brewster's angle [29] of the slab in the absence of gain. Indeed, the Brewster's angle θ b for the sample used in Fig. 2 is 73 .6015
• . Therefore, our approximate expression (35) for θ c is in perfect agreement with the exact numerical result. Equation (33) seems to imply that g (M) diverges for θ = θ b . We should however recall that this equation is reliable only if |κ| ≪ η − 1. The prediction that g (M) takes extremely large values in the vicinity of θ b conflicts with this condition, because g is proportional to κ. In fact, it is easy to see from (29) 
is a bounded function for κ = 0; it attains a large but finite maximum value at θ = θ c . For the sample used in Figure 2 , we find g (M) (θ c ) = 461.113 cm −1 , which is about an order of magnitude larger than the attainable gain coefficients for typical high-gain material [30] . Therefore, lasing (and CPA) are virtually unattainable for oblique TM modes with θ in the close vicinity of the Brewster's angle. This is actually quite easy to understand because for this modes the boundaries of the slab have very small reflectance (originating from the imaginary part of the complex refractive index.) This in turn reduces the internal reflections and the optical path inside the slab, and results in a very large threshold gain.
In typical situations, L ≫ λ. Therefore, according to (32) and (34), the mode number m is much greater than 1. This in turn implies that, for the same mode number, the difference between λ (E) and λ (M) is negligibly small. Figure 3 shows the plots of λ (E/M) as a function of θ for the same gain medium as in Fig. 2 and different mode numbers m.
V. ACCOUNTING FOR DISPERSION
The characterization of spectral singularities that we provide in the preceding section takes the refractive index n and the wavenumber k as independent parameters. In this section, we provide a description of the spectral singularities for a more realistic situation where we take into account the effect of dispersion.
Suppose that our slab is made out of a doped host medium of refraction index n 0 that we can model by a two-level atomic system with lower and upper level population densities N l and N u , resonance frequency ω 0 , damping coefficient γ, and the dispersion relation
whereω := ω/ω 0 ,γ := γ/ω 0 ,ω p := (N l − N u )e 2 /(m e ε 0 ω 2 0 ), e is electron's charge, and m e is its mass. We can expresŝ ω 2 p in terms of the imaginary part κ 0 of n at the resonance wavelength λ 0 := 2πc/ω 0 according toω 2 p = 2n 0γ κ 0 +O(κ 2 0 ), [6] . Inserting this relation in (36), using (27) , and neglecting quadratic and higher order terms in κ 0 , we obtain [10] where
In view of (26), we also have κ 0 = −λ 0 g 0 /4π. Substituting this equation in (37) and using the resulting relations together with (26) in (25) we can determine the λ and g 0 values for the spectral singularities. Figures 4, 5 , and 6 show the location of the spectral singularities in the λ-g 0 plane for a semiconducting slab of thickness L = 300 µm with the following specifications [30] .
Here the last inequality gives the upper bound on the attainable gain for this material.
VI. SPECTRALLY SINGULAR TE AND TM WAVES
If we adjust the parameters of our system so that Eq. (24) holds for a particular wavenumber k, the reflection and transmission amplitude diverge. This corresponds to the emergence of purely outgoing waves,
Equations (24) and (39) together with the boundary conditions listed in Table II imply
Furthermore, we can use (24) to establish
Substituting (39) -(41) in the formulas given in Table I , we can obtain the explicit form of the spectrally singular Spectrally Singular TE-Fields Spectrally Singular TM-Fields TE and TM waves. Table III gives the result of this calculation in terms of the functions,
which determine the z-dependence of the fields. Note that the k x and k z that appear in Table III and (42) -(44) are bound to take values that are consistent with Eq. (24) . In particular, they satisfy
The transformation properties of F ± , G + , and U ± under the parity transformation,
provide a direct verification of the P-invariance of the phenomenon of spectral singularities. This is important, because it is the basic symmetry responsible for the coherent emission of waves from the left and right boundaries of the slab at a spectral singularity [20] . We provide a more explicit demonstration of this behavior in the following section where we examine the Poynting vector for the spectrally singular waves.
VII. POYNTING VECTOR AND ENERGY DENSITY AT A SPECTRAL SINGULARITY
If the slab we consider has the gain coefficient g required for generating a spectral singularity in an oblique TE or TM mode, it begins lasing in this mode. In this section we examine the behavior of the time-averaged Poynting vector and the energy density inside and outside the slab for the values of the physical parameters of the slab that realize such a spectral singularity. The time-averaged Poynting vector and the energy density are respectively given by [29] Fig. 7 that has θ = 20
• . The right-hand figure corresponds to spectral singularities (53) with the same values of L and η, but for θ = 80
• . Again the gray area corresponds to the gain region.
S
(M) is a continuous function of z except at the boundaries of the slab where its x-component undergoes jumps. This follows from (50) and the fact that
In particular, the angle Θ (M) (z) between S (M) and the positive z-axis satisfy
For the spectrally singular TM mode depicted in Fig. 7 where θ = 20
• , we haveθ = 1.8
3. At z = L/2 both S (E) and S (M) point along the positive x-axis, except for θ = 0 where they vanish identically;
4. Inside the slab | S (E/M) | and u (E/M) attain their minimum value at z = L/2. The latter grows monotonically as one approaches the boundary.
The graphical description of S (E/M) and u (E/M) for spectral singularities with different values of physical parameters turns out to have general validity. In particular, there is no qualitative difference between oblique spectrally singular TE modes with different θ. For the oblique spectrally singular TM modes there are basic differences of behavior between the modes with θ < θ b and those with θ > θ b .
VIII. CONCLUDING REMARKS
In this article we have used the recent developments regarding the optical realizations of spectral singularities to provide a mathematically precise derivation of the laser threshold condition for the oblique TE and TM modes of an infinite planar slab. The standard textbook treatments of this problem rely on the principle of conservation of energy [30] . Our approach has the advantage of not relying on any physical principles but only on the Maxwell's equations and the definition of a spectral singularity.
For the TE waves, the essential features of spectral singularities, which determine the lasing threshold and the CPA conditions, are not sensitive to the direction of the propagation of the wave. This turns out not to be the case for the TM waves. If the incidence (or rather emission) angle θ is smaller than the Brewster's angle θ b , the spectrally singular TM waves behave exactly like spectrally singular TE waves, except that their threshold gain is an increasing function of θ. For the TM waves with θ > θ b the situation is completely different.
A basic feature of spectral singularities is that they are P-invariant. This symmetry is responsible for the fact that at a spectral singularity the emitted waves from the left and right boundaries of the slab have identical amplitude and phase, i.e., the slab emits coherent waves. We have provided a detailed examination of this phenomenon by offering explicit formulas for the energy density and Poynting vector of the oblique spectrally singular TE and TM waves. This reveals the curious fact that the energy density of a spectrally singular TM wave with θ > θ b is smaller inside the gain region than the surrounding vacuum. This is the opposite of what happens for spectrally singular TM waves with θ < θ b and the spectrally singular TE waves with arbitrary θ. This observation has counterintuitive implications. For example it means that if we use a lossy material and arrange that its attenuation coefficient has the same value as the threshold gain coefficient supporting an oblique spectrally singular TM mode with θ > θ b , the slab will function as a CPA having a lower energy density inside, i.e., the waves are absorbed more predominantly by its boundary.
